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INTRODUCTION
The a b i l i t y t o d e s i g n s t a t i c s t r u c t u r e s and r o t a t i n g machine components t h a t can s u r v i v e a n t i c ip a t e d l o a d s and s t r e s s e s i n b o t h normal and o v e r l o a d a p p l i c a t i o n s i s an i m p o r t a n t s a f e t y and economic r e q u i r e m e n t . Common d e s i g n p r a c t i c e f o r many indust r i a l a p p l i c a t i o n s t e n d s toward p l a c i n g l a r g e s a f e t y f a c t o r s i n t h e d e s i g n of s t r u c t u r e s and machinery. A l t h o u g h t h i s p r a c t i c e r e s u l t s i n s a t i s f a c t o r y operat i o n , u s u a l l y t h e machine element i s l a r g e r , weighs more, and u t i l i z e s m a t e r i a l s l e s s e f f i c i e n t l y . An a l t e r n a t i v e i s t o d e s i g n s t r u c t u r a l elements to o p e ra t e a t loads c l o s e r t o t h e i r f a i l u r e s t r e n g t h and then p r o o f t e s t t h e end p r o d u c t t o ensure t h e s a f e t y of those i t e m s t h a t w i l l r e a c h t h e consumer. However, t h i s method can a l s o be c o s t l y , perhaps more so t h a n d e s i g n i n g w i t h a c o n s e r v a t i v e s a f e t y f a c t o r . a t i v e mode w i t h l a r g e s a f e t y f a c t o r s i s p r e c l u d e d because t h e r e s u l t a n t s t r u c t u r e would be e i t h e r too heavy or t o o b u l k y t o f l y . Hence, d e s i g n i n g c l o s e r to t h e f a i l u r e l i m i t i s a l m o s t mandatory i n aerospace a p p l i c a t i o n s . The i s s u e becomes one o f how t o d e t e rmine t h e f a i l u r e l i m i t o f a s t r u c t u r e o r machine e l ement . I n aerospace a p p l i c a t i o n s , d e s i g n i n g i n a conserv-A f u r t h e r i s s u e c o n f r o n t i n g t h e e n g i n e e r i s t h e d e t e r m i n a t i o n o f t h e s t r e s s i n a s t r u c t u r e below which no f a t i g u e , c r e e p , or f r a c t u r e f a i l u r e s w i l l o c c u r .
For p r e s s u r e v e s s e l s e l a b o r a t e s e t s o f standards have been developed t h a t ensure w i t h reasonable e n g i n e e r i n g c e r t a i n t y t h a t f o r known m a t e r i a l s no f a i l u r e w i l l o c c u r o v e r t h e u s a b l e d e s i g n l i f e (ASME, 1987) these q u e s t i o n s i n t h e areas o f f r a c t u r e and f a t i g u e ( W e i b u l l , (1939) . H e l l e r (1972) . L i t t l e and E k v a l l (1979), A b e l k i s and Hudson (1980) . A u g u s t i , e t a l . (1984) , I o a n n i d e s and H a r r i s (1985) . and Z a r e t s k y ( 1 9 8 7 ) ) . P r i m a r y c o n s i d e r a t i o n has been g i v e n t o t h e d e t e r m i n a t i o n o f low f a i l u r e p r o b a b i l i t i e s . That i s . t h e p r o b a b i l i t y t h a t a s t r u c t u r e w i l l f a i l w i l l be l e s s t h a n 1 p e r c e n t . T h i s means t h a t t h e r e i s g r e a t e r than 99 p e r c e n t p r o b a b i l i t y t h a t t h e s t r u c t u r e w i l l s u r v i v e . However, because o f t h e volume e f f e c t r e c o g n i z e d by W. W e i b u l l (1939), t h e p r o b a b i l i t y o f s u r v i v a l f o r a l a r g e s t r u c t u r e w i l l be l e s s t h a n t h a t f o r a s m a l l e r s t r u c t u r e w i t h t h e same o p e r a t i n g s t r e s s . I n v i e w of t h e aforementioned, i t was t h e o b j e ct i v e of t h e work r e p o r t e d h e r e i n ( 1 ) t o a n a l y z e l a r g e sample s i z e s b y u s i n g two-parameter N e i b u l l a n a l y s i s t o d e t e r m i n e t h e c o m p a r a t i v e f r a c t u r e s t r e n g t h o f two batches o f t h e same m a t e r i a l , ( 2 ) t o determine by u s i n g W e i b u l l s t a t i s t i c s t h e m i n i m a l specimen s i z e necessary t o d e t e r m i n e t h e f r a c t u r e s t r e n g t h o f a m a t e r i a l , ( 3 ) t o d e t e r m i n e by combining d e s i g n and s t a t i s t i c a l methods t h e r e l a t i v e w e i g h t and s u r v i v a b i l i t y o f a p r e s s u r e v e s s e l , and ( 4 ) to i n v e s t i g a t e t h e a p p l i c a b i l i t y of three-parameter W e i b u l l a n a l y s i s to f r a c t u r e a n a l y s i s .
Many i n v e s t i g a t o r s o v e r t h e years have approached
* F e l l o w . ASME.
STATISTICAL METHOD
The W e i b u l l d i s t r i b u t i o n f u n c t i o n l i n e a r i z e s most e n g i n e e r i n g d a t a d i s t r i b u t i o n s , making i t p o s s i b l e t o e s t i m a t e a p o p u l a t i o n o f i n f i n i t e s i z e f r o m small amounts o f d a t a ( W e i b u l l ; 1939. 1951) . The W e i b u l l d i s t r i b u t i o n f u n c t i o n can be expressed as where f o r t h i s i n v e s t i g a t i o n t h e parameters a r e F ( x ) s t a t i s t i c a l f r a c t i o n o f specimens t h a t f a i l e d a t g i v e n s t r e s s or lower 
RESULTS AND DISCUSSION
Two s e p a r a t e batches o f A357-T6 c a s t a uminum were f r a c t u r e t e s t e d b y t h e U.S. A i r Force n accordance w i t h ASTM s t a n d a r d s (ASTM. 1986). The e d a t a a r e shown i n t h e two-parameter W e i b u l l p l o t s o f F i g . 1 .
There were 354 coupon specimens f r a c t u r e t e t e d of The d i f f e r e n c e between these v a l u e s i s i n s i g n i f i c a n t , o n l y 1 . 1 p e r c e n t .
concern i s g e n e r a l l y g i v e n t o t h e p r e d i c t i o n o f f r a ct u r e s t r e n g t h s a t low p r o b a b i l i t i e s o f f a i l u r e r a t h e r t h a n a t t h e mean. I t i s i m p o r t a n t t o r e a l i z e t h a t t h e W e i b u l l modulus, o r W e i b u l l s l o p e , i s d e f i n e d as t h e t a n g e n t of t h e a n g l e ( i n degrees) o f t h e c u r v e . A s an a n g l e approaches go", t h e t a n g e n t o f t h e a n g l e r a p i d l y approaches i n f i n i t y . S i n c e t h e W e i b u l l p l o t s f o r batches 1 and 2 a r e n e a r l y v e r t i c a l ( a l m o s t g o " ) , a s l i g h t d i f f e r e n c e between t h e r e s p e c t i v e a n g l e s r e s u l t s i n a l a r g e d i f f e r e n c e i n t h e t a n g e n t s , and hence t h e W e i b u l l s l o p e s . For example, a W e i b u l l modulus o f 47.5 r e p r e s e n t s an a n g l e o f 88.8", and a modulus o f 30.6 r e p r e s e n t s an a n g l e of 8 8 . 1 " .
The d i f f e r e n c e i n a n g l e i s l e s s than 1 " . Hence, t h e r e i s a c t u a l l y no s i g n i f i c a n t The s t r e s s e s a t which specimen f a i l u r e o c c u r r e d w i t h i n t h e b a t c h were r a n k e d i n i n c r e a s i n g o r d e r . Random numbers were t h e n g e n e r a t e d b y a computer programmed t o g e n e r a t e numbers o n l y w i t h i n t h e range o f t h e number The d i s a d v a n t a g e o f such L ORIGINAL PAGE IS OF POOR QUALITY ORIGINAL PAGE IS OF POOR QUALITY of specimens contained in the batch. For example, since there were 354 specimens in batch 1 , random numbers were generated within the range 1 to 354. The stresses ranked in the batch corresponding to the numbers generated randomly were selected to form data subsets consisting of 10, 20, and 30 samples. Hence, these samples represented collections of data that could have been obtained from fracture experiments had only so many coupon specimens been used.
for batch 2 are shown in Fig. 3 . For easy comparison, these samples, along with their parent distributions, are shown plotted on a semilogarithmic graph in Fig. 4 . A summary of the results is given in Table 11 . As can be seen for batch 1 . using only 30 samples yielded nearly the same estimated failure distribution as that of the parent (354 samples). There was also no significant difference in using 10 samples. The overall failure distribution derived from 20 samples deviated the most from the parent distribution.
gave different failure distributions than the parent distribution (388 samples). The failure distribution derived from 20 samples was the closest to that of the parent, being only slightly better than 30 samples. Ten samples debiiated the most from the parent distribution. However, the characteristic strength and the mean strength obtained from using 10 samples were not significantly different from those of the parent Val ues .
The effect of varying the sample size on the Weibull parameters and the fracture strengths both at the mean and the estimation at the 0.0001-percent failure probability level is also shown in Table 11 . The variation of fracture strength from the parent distribution was less than 15.5 percent for sample sizes of 2 0 or more, or approximately the same as the variation from batch 1 to batch 2. This would suggest that for an estimate of high probabilities of survival, a minimum sample size of 20 be used.
Generally, the Weibull slope or modulus obtained from using only 10 samples was the least accurate among all the computer-generated samples in comparison with the slope of the parent distribution. However, a variation in modulus from 30.6 to 94.5 means a change in angle of only 1.2". on estimating the Weibull slope m from computergenerated samples of parent distributions. For the range o f m values ( 3 to 30) and sample sizes (10 to 100) studied, the coefficient o f variation for the estimate o f m was found to be about (l/n)03. According to this result, a variation in m of 31.6 percent could then be expected from a sample size of IO.
Effect of Sample Size on Confidence Limits
The fewer the samples used in estimating the failure distribution, the less confidence can be had in the failure predictions from these distributions. Johnson (1959) discusses the mathematics of determining the confidence limits of the failure distribution. Using his method the effect of varying sample size on confidence limits was studied.
Six separate groups of samples, having sample sizes of 88, 35, 17. 1 1 , 8, and 7 , were formed from batch 1 . The subgroup consisting of 88 samples was formed by extracting every fourth data point from the ordered data of batch 1 . Similarly, the 35, 17, 1 1 , 8, and 7 sample sizes were formed by taking every loth, ZOth, 30th. 40th, and 50th data point, respectively. Forming data subsets in this manner was necessary in order to keep the estimated failure distributions approximately the same for each sample group, since Weibull plots of the computer-generated samples For batch 2 all the computer-generated samples DeSalvo (1970) studied the effect of sample size confidence limits are also affected by the Weibull slope.
Computer-generated plots showing the Weibull lines obtained from the subgroups in addition to their respective 95-percent confidence bands are shorn in Fig. 5 . The 95-percent confidence bands indicate that in 9 5 percent of all possible cases the true population will fall within the enclosing bands. A s can be seen, the fewer the number of samples used, the wider is the confidence band surrounding the distribution. This indicates that less confidence can be had in population estimates obtained from smaller sample sizes, the degree of which can be seen in Fig. 5 .
Determination of Minimum Failure Stress
A two-parameter Weibull distribution was used in Fig. 1 to characterize the strength probabi 1 i ty for cast aluminum. That is, the location parameter x u is zero. This implies that the minimum stress below !which no specimens fail is zero. This idea is a theoretical convenience. However, experience suggests that there may be nonzero values of stress below which specimens will always survive fast fracture. The assumption of a zero minimum strength is perhaps too conservative for many applications where cost, weight, or both are critical. This idea was also recognized by Shih (1980) . who suggested that a three-parameter Weibull distribution be used to model the failure distribution o f brittle materials.
fracture data shown in Fig. 1 conform very well to a straight line. For such a situation can a nonzero value of xu be obtained? A methodology to meet this objective was explored.
The fracture strength of the weakest specimen in the batch was used as the initial estimate of xu. quantity xxu was then obtained for each point by subtracting this estimate of xu from the fracture strength of each specimen. ted on Weibull paper with the same failure probabilities as before. This is an established method for finding xu as given by Moyer et al. (1962) .
Smaller estimates of the location parameter were found to result in greater linearity. the Weibull plot became more linear as xu approached zero. However, there appeared to be a point in the process where increasingly smaller values of resulted in very little change in the linearity of the data. The value of x u a t this point was then taken to be the most accurate estimate. method a location parameter of 268.9 MPa (39 000 psi) was assumed for batch 1 and 262.0 MPa ( 3 8 000 psi) for batch 2 .
resulting from three-parameter Weibull analysis. The results of using two-and three-parameter Weibull statistics are compared in Fig. 7 . For both batches the estimated probabilities of failure between the twoand three-parameter models became increasingly different as the fracture probability decreased. Assuming that there is indeed a nonzero minimum strength below which no specimens will fail, these results indicate that there are exceptions to the established rule for determining the location parameter, since any nonzero value substituted for xu did not result in greater linearity of the data. Otherwise, it must be assumed that there is a probability o f failure at any stress. ( 1 ) P e r f o r m a W e i b u l l a n a l y s i s o n t e n s i l e t e s t specimens w i t h gage volume V i . o b t a i n i n g W e i b u l l parameters m. xo. and x u .
( 2 ) P e r f o r m a s t r e s s a n a l y s i s o f t h e s t r u c t u r e . R e l a t e t h e o p e r a t i n g s t r e s s x t o a s t r u c t u r a l paramet e r such as t h e w a l l t h i c k n e s s o f a p r e s s u r e v e s s e l .
( 3 ) Assume a v a l u e for t h e parameter or parameters t o be d e t e r m i n e d and c a l c u l a t e t h e r e s u l t i n g o p e r a t i n g s t r e s s . t h e s h e l l and t h e i n t e r n a l p r e s s u r e P were g i v e n as 0.305 m (12 i n . ) and 1.72 MPa (250 p s i ) , r e s p e c t i v e l y . The s h e l l t h i c k n e s s t was d e t e r m i n e d from a r e q u i r e d r e l i a b i l i t y o f 99.999998 p e r c e n t .
The e q u a t i o n r e l a t i n g t h e ; t r e s s x i n t h e w a l l t o t h e t h i c k n e s s was d e r i v e d from e l e m e n t a r y s t r e s s a n a l y s i s (Gere and Timoshenko, 1984) T a b l e I11 shows t h e t h i c k n e s s and w e i g h t of t h e p r e s s u r e v e s s e l s h e l l r e s u l t i n g from t h e a p p l i c a t i o n o f b o t h d e s i g n methods. The minimum s h e l l t h i c k n e s s from t h e ASME code was 3.39 mm (0.133 i n . ) and t h e w e i g h t was 1 0 . 8 k g ( 2 3 . 8 l b ) . B u t f o r a r e l i a b i l i t y o f 99.999998 p e r c e n t , t h e s h e l l d e s i g n e d from W e i b u l l s t a t i s t i c s had a t h i c k n e s s o f o n l y 0.141 mm ( 0 . 0 5 5 i n . ) and a w e i g h t o f 4 . 4 k g ( 9 . 8 l b ) . A c c o r d i n g t o W e i b u l l ' s t h e o r y t h e s h e l l d e s i g n e d by t h e ASME code has v i r t u a l l y n o chance o f f r a c t u r e f a i l u r e (assuming t h e r e a r e no m a j o r f l a w s ) . However, t h e w e i g h t of t h e s h e l l can be c u t i n h a l f and s t i l l have an e x t r e m e l y 1 D i f f e r e n c e , p e r c e n t I 
